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Exams were given in the following areas:
Algorithms & Data Structures
Communications
Computer Architecture
Controls
Digital Systems & VLSI Design
Electromagnetics
Signal Processing
Solid State Electronics
Power Electronics & Electric Circuits (no exam given this year)
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Department of Electrical and Computer Engineering PhD Qualifying Exam
Spring 2018
Algorithm and Data Structures
(Duration: Two Hours)

Solve all four problems and clearly state any assumptions you make in solving the
problems. Assumptions should be reasonable.
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Problem 1 (25 points)
X[1..N] is an array of N unsigned integers. Design an algorithm to find out a pair of integers (k,
m), s.t. 1
, that maximizes X[k] – k + X[m] + m. The worst-case time complexity
of your algorithm must be O(N).
a) Write your algorithm using pseudo code, then analyze its worst-case time complexity. Again,
the worst-case time complexity must be O(N). [15 pts]
b) Give a recursive proof that your algorithm is correct. [10 pts]
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Problem 2 (25 points)
Consider a graph G(V,E), where V is its set of nodes and E the set of undirected edges. Let n
=|V|, e = |E|, L = length of the longest path (number of edges on the path) in G, P = number of
paths in G. Further, each edge {u,v} of G has a positive cost c({u,v}) associated with it. An
example of such a graph for n = 5 is shown below. Note that the graph below is a complete
graph: each node has an edge connecting it to all the other n-1 nodes, but in general G may or
may not be complete (you should not assume either way in answering the following questions).

a) Give a well‐commented pseudo code for basic graph traversal of G (every node of G is
visited) using depth‐first search (DFS). Analyze the worst‐case time and space
complexities of this traversal as functions of all or a subset of the parameters n, e, L, P
(they may not necessarily be functions of all four parameters). [7 points]
b) The traveling salesman problem (TSP) is to find a tour (a cycle in G that visits each node
exactly once) through G, if one exists, of minimum total cost (total cost of a tour T = sum
of the cost of all edges in T).
Give a well‐commented pseudo code for solving the TSP problem for G using depth‐first
search with backtracking (DFSB); note that this is different from DFS which cannot
solve the TSP problem (alternatively, if you are not sure what DFSB is, you can devise
any extension of DFS to solve TSP). If no tour exists, your algorithm should return that
information as well using a Boolean variable “Success” (which should be False in this
case, and True otherwise‐when True, you also need to return the min‐cost tour Tmin, as
well as its cost). Also explain your algorithm in words and possibly using figure(s).
Analyze the worst‐case time and space complexities of this traversal as functions of all
or a subset of the parameters n, e, L, P (they may not necessarily be functions of all four
parameters). [18 points]
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Problem 3 (25 points)

Consider the directed graph G in the figure above with seven vertices V and six edges E.
a) Represent G using an Adjacency List. [2 points]
b) Apply a Breath‐First Search (BFS) algorithm to G starting at the source vertex (1).
Annotate the distance from (1) for each vertex. [3 points]
c) Implement a Depth First Search (DFS) algorithm using pseudocode. Define any
variables, data‐structures, or procedures necessary. [10 points]
d) A topological sort (TS) of a directed acyclic graph G is a linear ordering of all its
vertices, such that if G contains an edge (u, v) then u appears before v in ordering.
Use algorithm developed in c) to implement TS using pseudocode. [7 points]
e) Apply TS on G from the figure above. Annotate the discovery and finish time for each
vertex. [3 points]
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Problem 4 (25 points)
For a directed, connected graph
, , give an | || | algorithm to determine whether it
contains an edge that is in every cycle. Show the complexity and the correctness of your
algorithm.
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University of Illinois at Chicago
Electrical and Computer Engineering Department
Ph.D Qualifying Exam - Spring 2018
Area: COMMUNICATIONS

• You have 2 hours to complete this exam.
• Solve all the problems of this exam. Problems have equal weight.
• State any assumptions you make in solving the problems. Credit is given only if you
write out your derivations and reasoning in detail.
• Calculators, computing and communication devices are not permitted.
• This exam is closed books and closed notes.
• No form of collaboration between the students is allowed. If you are caught cheating,
you will face disciplinary consequences.
• If we can’t read it, we can’t grade it!

1
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Fourier Analysis and Analog Communications
1. If the Fourier transforms of signals x(t) and y(t) are denoted by X(f ) and Y (f ) prove
the following:
Z ∞
Z ∞
∗
X(f )Y ∗ (f ) df,
x(t)y (t) dt =
−∞

−∞
∗

∗

where y (t) and Y (f ) are complex conjugates of y(t) and Y (f ).
R∞
2. By using the result of point 1, find −∞ sinc4 (t) dt, where sinc(t) =
1 for t = 0.

2

sin(πt)
πt

for t 6= 0 and
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Digital Communications

Consider an optical communication system with received signal Y = X + N . In this system
two messages are sent over the optical link; this input satisfies Pr(X = 1) = 1/3 and
Pr(X = 2) = 2/3. The noise N noise is white and Gaussian, but the variance of the noise is
proportional to the amplitude of the signal, i.e., if X = Xi then σi2 = α2 Xi2 , i = 0, 1. Find
the optimum decisions and the average probability of error for this optical channel.

3
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Probability and Random Processes

Suppose X and Y are possibly complex-valued jointly WSS processes with known autocorrelation functions, cross-correlation function, and associated spectral densities. Suppose Y is
passed through a linear time-invariant system with impulse response function h and transfer
function H, and let Z be the output.
The mean square error of estimating Xt by Zt is E[|Xt − Zt |2 ].
1. Express the mean square error in terms of RX , RY , RXY and h.
2. Express the mean square error in terms of SX , SY , SXY and H.
3. Using your answer to part (b), find the choice of H that minimizes the mean square
error.
(Hint: Try working out the problem first assuming the processes are real valued. For
the complex case, note that for σ 2 > 0 and complex numbers z and z0 , σ 2 |z|2 − 2<(z ∗ z0 ) =
|σz − z0 |2 − |z0 |2 , which is minimized with respect to z by z = z0 /σ.)

4
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Information Theory
1. Find a probability mass function on 4 symbols, {p1 , p2 , p3 , p4 } (pi denotes the probability of symbol i) such that there are two optimal symbol by symbol codes that assign
different lengths {l1 , l2 , l3 , l4 } (where li denotes the codeword length assigned to symbol
i) to the four symbols.
2. Find the expected codeword length of these two codes.
3. What is the entropy of the distribution you found in part a) ?
4. In general, how can one relate the expected codeword length of a code and entropy?
Be as specific as you can.

5
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Computer Architecture
Spring 2018

Time: Two Hours

Instructions:
 Solve all four problems.
 State any assumptions you make in solving the problems.
 Closed books
 Closed notes
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Question 1: Performance Evaluation [25 points]
A MIPS benchmark with 2 billion dynamic instruction count has of about 25% loads, 10%
stores, 11% branches, 4% jumps, and 50% ALU instructions.
1) [5pts] Running on a multi-cycle CPU, what is the average CPI of this benchmark?
How long does this benchmark program take to finish? Assume early evaluation for
branch and jump instructions.

2) [10pts] The same benchmark is running on a pipelined, in-order execution, MIPS
CPU with forwarding logic and a branch predictor. Assuming that:
a) 40% of the load instructions are immediately followed by an instruction that
uses the result, requiring a stall;
b) 30% of the branches are mispredicted, requiring a flush;
c) jump always flush the subsequent instruction;
What is the average CPI for this benchmark?
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3) [10pts] The above question assumes that a memory access only takes one cycle. Now
assume that the system has two-level of L1 and L2 caches (used for both instructions and
data) with the following specs:
Level

hit rate

Miss penalty

L1

95 %

8 cycles

L2

80 %

60 cycles

What is the effective CPI with both levels' of cache misses factored in? Assume that the
L1 cache has only one port for accesses and its hit latency is one cycle.
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Question 2: Pipelining designs [25 points]
1) [15 points] Compared with single‐cycle implementation, the maximum
speedup of a pipelined processor with k stages is k. What are conditions to
achieve the maximum speedup? What should a pipelined design do in
practice to meet those challenges and approach the maximum speedup?

2) [10 points] Since the maximum speedup of a pipelined processor is bounded
by its pipeline stages, should the processor keep increasing its number of
pipeline stages? Why or why not? Explain that in details.
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Question 3: Cache [25 points]
1) [15 points] Usually a fully associative cache has the lowest miss rate
compared to a direct mapped or set associative cache because it can remove
conflict misses. LRU replacement policy is the most efficient replacement
policy for set associative and fully associative caches. However, under certain
situations, a fully associative cache may not work well with LRU replacement
policy. For instance, when a program repeatedly accesses a stream of (k+1)
blocks, a fully associative cache of k blocks with LRU replacement policy will
perform very poorly. What is the miss rate for this case? What’s your solution
to this problem? What’s the miss rate now?

2) [10 points] Coherence misses are another source of cache misses besides
cold, capacity and conflict misses. What are the reasons that cause coherence
misses? How to reduce coherence misses? What would be the impacts on
other types of cache misses?
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Question 4: Multiprocessors [25 points]
1) [5 points] What is cache coherence?

2) [20 points] A cache‐coherent, shared‐memory multiprocessor implements
the snoop‐based MESI (Modified, Exclusive, Shared, and Invalid) cache‐
coherence protocol. In the following table, a sequence of memory accesses is
given in the first column. Fill in the rest of the table to show the cache
coherence operations. Initially the memory block holding A is not cached.
Step

P1 reads A

P1 writes
101 to A
P2 reads A

P2 writes
102 to A
P1 writes
103 to A
P2 reads A

P1
state

value

P2
state

value

Bus
action

data
supplied
by

value

Memory
value
100
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Ph.D. Qualifying Examination – Spring 2018

CONTROL SYSTEMS
(Two hours)

Solve all four problems.
State any assumptions you make in solving the problems.
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Ph.D. Qualifying Examination

Spring 2018

CONTROL SYSTEMS
Problem 1 (25 points)
Consider the following system:



 
0
1
0
ẋ(t) =
x(t) +
u(t),
−a −b
1


y(t) = k a 0 x(t).
The step response of the system is shown in the following figure:
Step response

0.7
0.6
0.5

y(t)

0.4
ymax=0.627

0.3
0.2
0.1
0

0

5

10

Time [s]

Find the values of the constants a, b, and k.

1

15

20

25
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Ph.D. Qualifying Examination
CONTROL SYSTEMS

Problem 2 (25 points)
(A) Derive the Z-transform X(z) of a signal
X(s) =

s
(s +

1)2

(s + 2)

.

Assume that the sampling period is T .
(B) Explain what is the difference between the spectrums of X(s) and X(z).

2

Spring 2018
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Ph.D. Qualifying Examination

Spring 2018

CONTROL SYSTEMS
Problem 3 (25 points)
The state-space representation of a system is given by:
ẋ = Ax + Bu,
y = Cx,
where



0
1 −1
6 ,
A =  −6 −11
−6 −11
5




4
B =  2 ,
3

and

C=




1 2 3 .

Transform the system into a standard diagonal form (please provide detailed procedure). Is this
system controllable? Is this system observable?

3
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Spring 2018

CONTROL SYSTEMS
Problem 4 (25 points)
Consider a single-input single-output dynamical system with transfer function
G(s) =

1−s
.
(s + 1)(s − 2)

(A) (5 points) Determine whether the system is BIBO stable.
(B) (5 points) Derive a minimal realization of G(s). Your solution should be expressed as a state
space model given below
ẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t),

where u is the system input, and y is the system output.
(C) (5 points) Consider the state space model derived in (B). Suppose that the state x can be
measured directly. Consider a feedback control law u = −Kx, where K is a real-valued matrix
of appropriate dimension. Is it possible to choose K such that the closed loop eigenvalues
become −1 and −2? If so, find such K.
(D) (5 points) Suppose that only the output y can be measured. Consider a feedback control
law u = −ky, where k ∈ R. Is it possible to choose k such that the closed loop system is
asymptotically stable? If so, find such k.
(E) (5 points) Suppose that we are allowed to replace the feedback law in (D) with a dynamic
feedback controller in the following form
ẋK (t) = AK xK (t) + BK y(t),

u(t) = CK xK (t) + DK y(t),

(1)

where xK is the internal state of the feedback controller, and AK , BK , CK , DK are matrices
of appropriate dimension. Assume that you can choose the dimension of xK freely. Discuss
whether it is possible to find a controller in the form (1) such that the closed loop system is
asymptotically stable. If so, give a method of computing the corresponding AK , BK , CK , DK .

4
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Department of Electrical and Computer Engineering PhD Qualifying Exam
Spring 2018
Digital Systems and VLSI
(Duration: Two Hours)

Solve all four problems and clearly state any assumptions you make in solving the
problems. Assumptions should be reasonable.
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Problem 1 (Logic Optimization): 25 points
(a) What is the row-covering rule and its rationale in the Quine-McCluskey (QM) 2-level logic
minimization technique? [5 points]
(b) Let the cost of a logic circuit implementing a logic function f be defined as the total number
of gate inputs (correlated to the number of transistors needed) in a 2-level AND-OR (or NANDNAND) implementation of the sum-of-product (SOP) expression of f. In this context, the cost of
a prime implicant (PI) is defined as (the number of literals in its product term) + 1; the 1st term
corresponds to the number of inputs of the AND gate (or NAND gate) implementing the PI, and
the 2nd term corresponds to the one input that a PI contributes to the 2nd-level OR gate (or NAND
gate) of the circuit. Note also that this cost formulation of a logic circuit as well as a PI assumes
that gates with as many inputs as the largest number of literals in a PI’s product term, and as the
number of PIs in the SOP expression are available.
Using a conceptual example, show that the row-covering rule can sometimes cause QM to yield
an SOP expression that does not minimize the cost of a logic circuit. [12 points]
(c) What is the column-covering rule in QM? Prove its correctness, i.e., in spite of columns
(minterms) getting deleted under this rule, and thus not considered explicitly for covering by s
PI, each such deleted minterm (deleted under the row-covering rule) will automatically be
covered by some PI in the final SOP expression yielded by QM. [8 points]
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Problem 2 (Synchronous Sequential Circuits): 25 points
Your co-worker in a R&D Circuit Design group in a high-tech company is asked to design a
frequency divider (aka divide-by-2 counter) with input and output frequency of, respectively, 10
MHz and 5 MHz, using only the components from the following DFF-INV library.

Tsetup
25 ns

D-Type Flip-Flops (DFFs)
Thold
Tcd (Tccq)
22 ns
18 ns

Tpd (Tpcq)
40 ns

Inverting buffers
Tcd
Tpd
5 ns
10 ns

Tsetup and Thold is, respectively, the setup and hold time and Tpd is the propagation delay. The
contamination delay, Tcd, is the guaranteed amount of time when all the outputs are unchanged
after an input change. The contamination delay can, thus, also be seen as the minimum delay of a
component or circuit.
Your co-worker vaguely remembers seeing the following circuit during his studies in UIC and
rushes to your office to get an expert opinion.

a) Plot the IN and OUT signal diagram. On the diagram, show the DFF setup and hold
times, contamination and propagation delays, and signal periods. [10 points]
b) Will this circuit necessarily provide the required divided output? [15 points]
 If yes, prove.
̅
 If no, suggest a correction for the circuit without changing the IN=CLK and OUT=Q
connections. Use only the DFF-INV library components. Explain and plot the IN and
OUT signal diagrams for the corrected circuit. On the diagrams, show all the setup and
hold times, contamination and propagation delays, and signal periods. Prove that the
corrected circuit can be used as a frequency divider.
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Problem 3 (Combinational Design): 25 points
(a) Maj-Inv ECA [15 points]
Elementary Cellular Automata (ECA) are sometimes used as pseudo-random pattern generators.
Consider a special case of “majority-invert” ECA with n-bit input A[n-1,0], and n-bit output
Y[n-1,0]: every output bit Y[i] is computed by first taking the majority among ( A[i+1],
A[i], A[i-1])and then taking the negation of the result. For example:
Majority of 110 is 1,
Y[3] = 0;
 If A[4:2] = 110 ,
 If A[3:1] = 000,
Majority of 000 is 0,
Y[2] = 1;
 If A[0] A[n-1] A[n-2] = 101,
Majority of 101 is 1,
Y[n-1]= 0;
Note: in the case of MSB (i = n-1)or LSB (i = 0), i+1 or i-1 wraps around to 0 or
n-1. In other words, the general formulation of Y[i] depends on A[(i+1) mod n],
A[i], and A[(i-1) mod n].
The following characteristic table specifies the behavior for Maj-Inv ECA:
A[i+1], A[i], A[i-1] 111

Y[i]

0

110

101

100

011

010

001

000

0

0

1

0

1

1

1

Assuming that all the input bits available simultaneously, design a combinational circuit to
implement a Maj-Inv ECA with 5-bit input A[4:0] and 5-bit output Y[4:0].
You are limited to use the following building blocks: MUX, decoder, adder, and basic logic gates
including AND, OR, NOT, XOR, NAND, NOR of any size (number of inputs) needed. You can
also define your own modules (such as Majority), but you need to provide their implementations
using the allowed building blocks from above.
(b) General ECA [10 points]
Maj-Inv ECA is also named “Rule 23”, because the row of Y[i] in its characteristic table,
00010111 is 23 in decimal.
Design a combinational circuit to implement a general ECA with 5-bit input A[4:0], 5-bit
output Y[4:0], and an additional 8-bit input R[7:0], which indicates the “Rule number”.
For example, when R = 00010111 this ECA should function as the Maj-Inv ECA, but when R
is a different rule, say 00110011, then the general ECA’s output should be 0 for input 111,
110, 001 and 000, and 1 for the other inputs. Overall, with all the patterns of R, this general
ECA can implement a total of 256 different functions.
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You are limited to use the same building blocks: MUX, decoder, adder, and basic logic gates
including AND, OR, NOT, XOR, NAND, NOR of any size (number of inputs) needed. Again, if
defining your own modules you need to provide their implementations using the allowed
building blocks from above.

Problem 4 (VLSI Circuits): 25 points
Consider the inverter circuit below. Input voltage (VIN) of the inverter is zero. Supply voltage
(VDD) of the inverter is ramped in ‘N’ steps as shown in the waveform. At each timestep of Tstep
duration, supply voltage (VDD) increases by VMAX/N until reaching to VMAX. Assume that Tstep is
long enough so that output of the inverter follows VDD(t) in each timestep. Also, assume that
there is no leakage current through NMOS. Such switching scheme in digital circuits is known as
‘adiabatic switching’.

VMAX
VDD

VDD

VOUT
VIN = 0

VMAX/N
C
Tstep

Time

Answer the following for the adiabatic inverter above:
(a) What is the total energy (ETotal) drawn from the inverter during the charging process? [7
points]
(b) How much energy (EC) is stored in the capacitor ‘C’? [7 points]
(c) What happens to the remaining energy, i.e., ER = ETotal – EC? [3 points]
(d) What happens to ER when N → infinite? [4 points]
(e) How does adiabatic switching compare to conventional inverter, where supply voltage (VDD)
is constant? [4 points]
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Ph.D. Qualifier Exam,
Spring 2018
Electromagnetics
Calculators are not allowed. No internet enabled devices are allowed.

1

Reciprocity principle

A special case of the reciprocity theorem occurs when the volume under consideration contains all sources
so that the reciprocity theorem may be stated as
Z
Z
(E1 · J2 − H1 · M2 ) dV =
(E2 · J1 − H2 · M1 ) dV
(1)
V

V

where the fields (Ei , Hi ) are associated with the sources (Ji , Mi ), with i = 1, 2. By introducing the reaction
of fields 1 on sources 2 as
Z
h1, 2i =
(E1 · J2 − H1 · M2 ) dV
(2)
V

and the reaction of fields 2 on sources 1 as
Z
h2, 1i =

(E2 · J1 − H2 · M1 ) dV

(3)

V

the reciprocity theorem (1) may be stated as
h1, 2i = h2, 1i.

(4)

Referring to Fig. 1, use formulation (4) to show that an electric current placed tangentially on the surface
of a perfect electrical conductor object does not radiate.

Figure 1: Geometry for an elementary dipole at the surface of a PEC object.
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Polarization

Define what the polarization of a radiated electromagnetic wave is and provide sample mathematical expressions of a uniform plane wave that is
• linearly polarized
• circularly polarized
Then consider the geometry in Fig. 2 where a plane wave with electric field Ei propagates along the negative

Figure 2: Geometry for a plane wave incident on a PEC wall and reflected by it.
z direction, is reflected at a PEC wall, and then propagates along the positive z direction with an electric
field Er . Answer the following questions:
• If the polarization of Ei is linear, what is the polarization of Er ?
• If the polarization of Ei is left-hand circular (counterclockwise), what is the polarization of Er ?
• If you were interested in discriminating between Ei and Er , which polarization between linear and
left-hand circular would you select and why?
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Brewster angle and total internal reflection

Fig. 3 shows the geometry for the reflection and transmission of a uniform electromagnetic plane wave
that is obliquely incident on a planar interface separating two lossless dielectric half-spaces characterized by
dielectric permittivities ε1 , ε2 and magnetic permeabilities µ1 , µ2 .

Figure 3: Geometry for the reflection and transmission of a plane wave at a flat interface between two
dielectric half spaces. Perpendicular (left) and parallel (right) polarizations.
The Fresnel reflection coefficients for parallel and perpendicular polarization are
r
r
µ2
µ1
cos ϑi −
cos ϑt
ε2
ε1
r
Γ⊥ = r
µ2
µ1
cos ϑi +
cos ϑt
ε2
ε1
r
r
µ1
µ2
−
cos ϑi +
cos ϑt
ε1
ε2
r
Γk = r
µ1
µ2
cos ϑi +
cos ϑt
ε1
ε2

(5)

(6)

• Obtain the formula for Brewster’s angle of total transmission. Does this angle depend on polarization?
• Obtain the formula for the critical angle of total reflection. Does this angle depend on polarization?
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Scalar Helmholtz equation

Consider the solution of the scalar Helmholtz equation
∇2 Ψ + β 2 Ψ = 0

(7)

in a circular cylinder coordinate system, i.e. a solution obtained using the method of separation of variables
so that
Ψ(ρ, ϑ, z) = R(ρ)Θ(ϑ)Z(z).
(8)
In the previous expression, R(ρ) is an appropriate linear combination of Bessel functions Jn (βρ), Yn (βρ)
(1)
(2)
or Hankel functions Hn (βρ), Hn (βρ); Θ(ϑ) is an appropriate linear combination of the trigonometric functions sin(nϑ), cos(nϑ); Z(z) is an appropriate linear combination of exponential functions exp(−jβz), exp(jβz)
or trigonometric functions sin(βz), cos(βz). Write expressions of Ψ(ρ, ϑ, z) that are valid in the following
regions
1. 0 ≤ ρ ≤ a; 0 ≤ ϑ < 2π; −∞ < z < ∞
2. a ≤ ρ < ∞; 0 ≤ ϑ < 2π; −∞ < z < ∞
3. 0 ≤ ρ ≤ a; 0 ≤ ϑ < 2π; 0 ≤ z ≤ h
where a and h are positive real numbers.
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Ph.D. Qualifying Examination
SIGNAL PROCESSING
Spring 2018
Instructions:
1. Closed books.
2. Closed notes.
3. Calculators are not permitted.
4. Good luck!
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Problem 1 (25 points):
Given the continuous-time signal 𝑥𝑐 (𝑡) = cos(2𝜋1000𝑡).
a) What is the continuous-time Fourier transform 𝑋𝑐 (𝑗Ω) of 𝑥𝑐 (𝑡)?
b) The signal 𝑥𝑐 (𝑡) is sampled with the sampling frequency 𝑓𝑠 = 8 𝑘𝐻𝑧 and 𝑥[𝑛] =
𝑛

𝑥𝑐 ( 𝑓 ), 𝑛 = 0, ∓1, ∓2, . .. is obtained. What is the Discrete-time Fourier
𝑠

Transform (DTFT) 𝑋(𝑒 𝑗𝜔 ) of x[n]?
c) We only have 𝑥[𝑛], 𝑛 = 0,1,2, . . . , 63. Calculate N=64 point Discrete Fourier
Transform (DFT) X[k] of 𝑥[𝑛].
d) Assume that we have 𝑥[𝑛], 𝑛 = 0,1,2, . . . , 64. Approximately plot N=65 point
DFT magnitude |X[k]| of 𝑥[𝑛].
Explain the difference between the plots in part (c) and (d).
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Problem 2 (25 points):
In the following, we write “a system h(t)” to refer to a continuous-time linear time-invariant
system with impulse response h(t). A continuous-time signal x(t) is called bounded if there
exists a constant B such that |x(t)| ≤ B for every t. A system h(t) is called stable if every
bounded input to the system results in a bounded output. Given α > 0, let
Z

∞

khkα ,

α

|h(t)| dt

 α1
.

−∞

A system h(t) is called α-stable if khkα < ∞. Here, khkα < ∞ means that the quantity
khkα is bounded and does not diverge to infinity.
(a) Suppose that a system h(t) is stable. Show that khk1 < ∞. Hint: Begin by writing
the input-output relationship of the system.
(b) Show that a system h(t) with khk1 < ∞ is stable. Hint: Use the Cauchy-Schwarz
inequality: For any non-negative functions f (t), g(t), we have

 Z ∞
Z ∞
Z ∞
g(t)dt .
f (t)dt
f (t)g(t)dt ≤
−∞

−∞

−∞

(c) Show that a system is stable if and only if it is 1-stable. You may assume the claims
in (a) and (b) hold even if you cannot prove them.
(d) Show that if a system is stable, it is also 2018-stable. Hint: Use the Cauchy-Schwarz
inequality. Trivia: In fact, for any 0 < α < β, it can be shown that α-stability implies
β-stability.
(e) For any given 0 < α < β, find a β-stable system that is not α-stable.
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Problem 3 (25 points):
We have trained two individuals A and B to guess the temperature in their surrounding environment.
After the training session, it apears that both A and B are unbiased in their guesses and their errors in
2
2
guessing the temperatures follow Gaussian distributions N (0, σA
) and N (0, σB
), respectively.
We are asking both A and B to visit two different rooms, referred to as RA and RB , and guess the
temperatures in those rooms. While A and B visit both rooms, not all temperature guesses will be
reported. We will only receive the following reports:
• A’s guess of the temperature in RA .
• B’s guess of the temperature in RB .
• A’s assessment as to whether RB is colder/warmer than RA .
• B’s assessment as to whether RA is colder/warmer than RB .
(An assessment of RA and RB having the exact same temperature has a probability equal to zero, for
which any of the two options colder or warmer can be chosen and reported.)
(a) Using your signal processing background, devise a judicious approach to optimally estimate the
temperatures in RA and RB based on the received reports.
Hint: A judicious/optimal approach will make use of all the relevant information to improve the
estimation.
(b) Discuss your solution, and potentially, subsequent guidelines to arrive at an estimation. What do
they mean from an intuitive viewpoint?
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Problem 4 (25 Points):
Consider a covariance matrix 𝚺𝐗 ∈ ℜ% ×% of a random vector 𝐗 ∈ ℜ% .
∗

(a) Is the covariance matrix 𝚺𝐗 ∈ ℜ% ×% Hermitian (i.e., 𝚺𝐗 = 𝚺𝐗) = 𝚺𝐗* )? Justify!
(b) Is the covariance matrix 𝚺𝐗 ∈ ℜ% ×% positive-semidefinite (i.e., 𝐜 ) 𝚺𝐗 𝐜 ≥ 0, for every 𝐜 ∈
ℜ% )? Justify!
(c) Can the covariance matrix 𝚺𝐗 ∈ ℜ% ×% be expressed using Cholesky decomposition (i.e., A
Hermitian positive-definite matrix 𝐂 ∈ ℜ% ×% can be written as 𝐂 = 𝐋𝐋) , where 𝐋 ∈ ℜ% ×%
is a lower-triangular matrix). Justify!
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(20 points) Consider a narrow-base diode with a long (semi-infinite) P+-

region on the left, a depletion region in the center, and an N-region (on the right)
extending from x’ = 0 to x’ =
. An ohmic contact is made to the N-region at x’ =
.
In the N-region, the deviation of the minority carrier concentration is taken as
, where
is the carrier concentration under arbitrary (including
is the carrier concentration under equilibrium
non-equilibrium) conditions, and
conditions. Consider such a diode under steady-state conditions with no external sources
(such as light ), so that the only terms in the minority carrier diffusion equation
are the diffusion term and the generation-recombination term. You are told that
and that

(x' =

)

. Here,

,

, q,

,

, and T are the intrinsic density, doping density in the N-region, charge on the
electron, the applied voltage, the Boltzmann constant, and the temperature, respectively.
Using these boundary conditions at
and (x' = ), solve the minority carrier
diffusion equation (steady-state, no light or other external sources) to derive an
expression for
in the region 0 < x’ < ’.

Problem 2:

(20 points) What is the ratio of the reverse bias current due to

generation in a reverse biased wide base PN depletion region and the reverse bias current
1016
1015
predicted by the ideal diode equation if T=300K, N A 
, ND 
,
cc
cc
1010
cm 2
cm 2
,  p  500
,  p  20  s ,  n  1 s , Et  Ei A  10 4 cm 2 ,
ni 
n  1500
V s
V s
cc
and a bias of -1V is applied ? State and justify any assumptions you need to make.
 NA  ND 
Fd
1010
12
4


Vbi  Vt  ln
2
 , VT  0.0259V ,  Si  1.04  10  cm , ni  cm 3 , 1cm=10 m,
n
i


x2

2  1      dx , in 1D   E 
x1

E x  ch arg e
.W

x
 Si

 1
2   Si
1 
 Vbi  VA   

,
e
 N A ND 

 V  
 DN
DP 
 , L p 
I DIFF  Io  exp A   1 , I o  e  A  n i2  

 LN  NA LP  ND 
  Vt  

n p


Ln  Dn  n
t t

D p  p ,

ni2  p  n


 E  Et  
 Et  Ei  
 n   p  ni  exp  i
    p   n  ni  exp 

 kB  T 
 kB  T 
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Problem 3:

(20 points). We will consider putting different insulators in the gate

dielectric now. This is an important direction in logic and memory CMOS
technology. The silicon nitride, with a nominal Si3N4 composition, has a typical
energy band distribution of (2.0eV, 2.0eV, 1.1eV, 3.0eV) in (affinity, EC with
silicon, silicon band gap, and EV with silicon) and a relative dielectric constant of
9.0. Hafnium oxide, with a composition of HfO2, has an energy band distribution
of (2.5eV, 1.5eV, 1.1eV, 2.5eV) and a relative dielectric constant of 20. Both
nitride and HfO2 form a type-I heterojunction with silicon and SiO2. We will have
a p-type Si substrate with 1017cm-3 homogeneous NA doping.
(a) For a gate stack of SiO2/Si3N4/SiO2 (6nm/6nm/2nm) to replace the original
SiO2, draw the band diagram at flat band and at the onset of inversion.
Calculate the electric fields and potential drops in the three layers of
SiO2/Si3N4/SiO2 at onset of inversion.
(b) What is the surface potential at strong inversion? What is the threshold
voltage Vth? What is the effective oxide thickness (EOT) that will give the
same Vth but the entire stack is SiO2?
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Problem 4:

(20 points). Fig. 1 is the I-V characteristic of the pn junction. What are

the two possible mechanisms for pn junction breakdown?
Give a short description.

Fig.1.
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