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Exams were given in the following areas:
Algorithms & Data Structures
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Computer Architecture
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Digital Systems & VLSI Design
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Department of Electrical and Computer Engineering PhD Qualifying Exam
Spring 2019
Algorithm and Data Structures
(Duration: Two Hours)

Solve all three problems and clearly state any assumptions you make in solving the
problems. Assumptions should be reasonable.
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Problem 1 (34 points)
(a) What are the characteristics of a dynamic programming algorithm? [8 pts]
(b) Design a pseudo-polynomial time algorithm to solve the following problem using dynamic
programming. Given a set S of non-negative integers, and a value sum, determine if there is a
subset S’ of S with sum equal to given sum. Your algorithm should provide a Boolean output B
(true if S’ exits, false if it does not), and in the case that B is true, it should also output S’ (for B
= false, it can output an arbitrary subset). Note that if S’ exists, it may not be unique, and you
need to determine only one S’.
Provide a clear pseudo code with comments for your algorithm, describe it briefly in text
preferably with figure(s) (though it should be understandable by reading the pseudo code alone),
rationalize why it is correct, and derive its time complexity. [26 pts]
Example 1:
Input: S = {3, 20, 4, 8, 5, 2, 9}, sum = 10
Output: B = True with S’ = (8, 2) with sum 10.
Example 2:
Input: S = {3, 20, 4, 8, 5, 2, 9}, sum = 50 (note that maximum sum possible is 51, for which
S’ = S)
Output: B= False.
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Problem 2 (33 points)
This question is regarding in-place sorting in linear time, i.e. of time complexity O(n).
a. Suppose that we have an array of n data records to sort and that the key of each record has
the value 0 or 1. Give a simple, linear-time algorithm for sorting the n data records in place.
Use no storage of more than constant size in addition to the storage provided by the array.
[25 pts]
For example, given an input array of five data records, each with a key and a datum:
<0, ‘a’>, <1, ‘c’>, <0, ‘e’>, <1, ‘b’>, <1, ‘f’>
A correct sorting result is:
<0, ‘a’>, <0, ‘e’>, <1, ‘c’>, <1, ‘b’>, <1, ‘f’>
b. Can you use your sorting algorithm from (a) to radix sort n records with b-bit keys in O(bn)
time? Explain how or why not. [8 pts]
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Problem 3 (33 points)
Combine the two ideas below to design an efficient algorithm that can decrease the worst-case
cost of lookups of hash tables compared with resolving collisions by chaining:
1) Give each element in a hash table two choices of where to go.
2) Allow elements in a hash table to move after being placed.
Describe how the algorithm works and analyze its cost for lookup, deletion and insertion.
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University of Illinois at Chicago
Electrical and Computer Engineering Department
Ph.D Qualifying Exam - Spring 2019
Area: COMMUNICATIONS

• You have 2 hours to complete this exam.
• Solve all the problems of this exam. Problems have equal weight.
• State any assumptions you make in solving the problems. Credit is given only if you
write out your derivations and reasoning in detail.
• Calculators, computing and communication devices are not permitted.
• This exam is closed books and closed notes.
• No form of collaboration between the students is allowed. If you are caught cheating,
you will face disciplinary consequences.
• If we can’t read it, we can’t grade it!

1
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Fourier Analysis and Analog Communications

Consider a signal x(t) with Fourier transform X(jω). Suppose we are given the following
facts:
• x(t) is real and non-negative.
• F−1 {(1 + jω)X(jω)} = Ae−2t u(t), where A is independent of t.
R∞
• −∞ |X(jω)|2 dω = 2π

1. (25 points) Determine a closed form solution for x(t).

2
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Digital Communications

Consider the ternary modulation scheme that transmits three signals over additive noise
channel with a two-sided power spectral density of No . The prior probabilities of the three
signals being transmitted are equal.

3 cos(wt), for 0 < t ≤ T
s1 (t) =
0,
elsewhere.

s2 (t) =

2 cos(wt + π), for 0 < t ≤ T
0,
elsewhere.

s3 (t) = 0.
where T is the symbol time interval, wT = 100π.
1. (10 points) What is the dimensionality of the signal space? Find the data symbols
corresponding to the signals. Draw the signal constellation.
2. (5 points) Draw the decision boundaries and label the decision regions for the optimal
receiver that minimizes the message error probability.
3. (10 points) Determine the exact conditional error probability Pr[error|sj (t) sent], ∀j =
1, 2, 3. Derive the average probability of message error Pe as function of N0 and T .

3
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Probability and Random Processes

Let X1 , X2 , . . . be a sequence of independent and identically distributed random
variables
Q
that are uniform on {−1, 1}. Given n ≥ 2, let Yn = Xn + Xn−2 , and Zn = ni=1 (2 + Xi ).
1. (4 points) Find the mean and autocorrelation function of Xn . Is Xn strict-sense stationary? Justify your answer.
2. (6 points) Find the mean and autocorrelation function of Yn . Is Yn wide-sense stationary? Justify your answer.
3. (7 points) Find the mean and autocorrelation function of Zn . Is Zn wide-sense stationary? Justify your answer.
4. (8 points) Calculate the limits limn→∞ P (Zn ≥ ( 32 )n ) and limn→∞ P (Zn ≥ 2n ).

4
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Information Theory
1. (15 points) Consider the binary multiplier channel Y = XZ, where X and Z are
independent binary random variables that take on values 0 and 1, and Z is Bernoulli
α, i.e. P (Z = 1) = α. Calculate I(X; Y ) when p(x = 1) = q and hence p(x = 0) = 1−q
for some 0 < q < 1.
2. (10 points) For X, Y, Z random variables (not necessarily independent). Determine
whether H(X, Y, Z) − H(X, Y ) ≤ H(X, Z) − H(X) is true or not, if true, find the
conditions for equality.

5

ECE

Sptring 2019 PhD Qualifying Exam

Department of Electrical and Computer Engineering
Ph.D. Qualifying Examination
Computer Architecture
Spring 2019

Time: Two Hours

Instructions:
 Solve all four problems.
 State any assumptions you make in solving the problems.
 Closed books
 Closed notes
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Question 1: Instruction Set Architecture [25 points]
1) [14 points] Assume that values A, B, C, D and E reside in memory, instruction
operation code are represented in 8 bits, memory addresses are 32 bits, and
register addresses are 4 bits. Fill out the following tables for the code below
and use as few instructions as possible.
A = B + C;
D = A + C + E;
a. [7 pts] For a Stack ISA.
Instruction

Total code size:

# addresses in instruction

Code size
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b. [7 pts] For a CISC ISA that has three operands for ALU instructions
and can have at most one memory operand for each instruction.
Instruction

Total code size:

# addresses in instruction

Code size
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2) [6 pts] RISC ISA was first proposed to support pipelining implementation.
What features of RISC ISA make it suitable for pipelined processors and why?

3) [5 pts] Accelerators are widely used in today’s computer systems to boost
the performance of special computation. For example, Google deployed a
Tensor Processing Unit (TPU) in its datacenters to accelerate the inference
phase of neural networks. It works as a coprocessor on the PCIe I/O bus. The
TPU uses CISC ISA. Discuss why CISC ISA would be a better choice for the
TPU than RISC ISA.
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Question 2: Performance Evaluation [25 points]
A 1 GHz multi-cycle MIPS processor is evaluated for a benchmark of 5 billion dynamic
instruction count, assuming perfect cache for memory modules: 20% loads (CPI=5), 25%
stores (CPI = 4), 15% branches (CPI = 3), and 40% ALU instructions (CPI = 4).
1) [12pts] For each of the following statements, indicate whether it is True or False, and
provide your reasoning process.
[T / F] A change in algorithm together with compiler optimization can cut the
dynamic instruction count of this benchmark to 4 billion. This guarantees a 1.25 x
speedup in performance.

[T / F] A new device technology supporting a higher clock rate of 1.5GHz, without
affecting any other components, will guarantee a 1.5x speedup.

[T / F] By making a pipelined processor with the same benchmark, it’s possible to
drastically reduce CPI, but dynamic instruction count might be longer.

[T / F] With a dual-core design to execute the same benchmark in parallel with two
processors on the same chip, a 2x speedup can be guaranteed.
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2) [8pts] The above evaluation assumes the CPI scenario of perfect cache where no
misses ever occur. Now consider in reality the system is equipped with a unified large
cache of 95% hit rate for both instruction and data memory (combined loads and stores):
the CPI is as before when there is a cache hit, but with an additional 200-cycle penalty
when there is a cache miss.
What is the effective CPI and execution time of the benchmark?

3) [5pts] The above scenario can be improved by leaving the unified cache as L2 (with
the same specifications), and inserting two small L1 caches for instruction and data
separately: the L1 instruction cache has a hit rate of 90%, while the L1 data cache
(considering both loads and stores) has a hit rate of 80%. The miss penalty for both is 20
cycles.
What is the effective CPI now? What is the speedup comparing to the scenario in 2)?
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Question 3: Memory Hierarchy [25 points]
A new type of memory subsystem has been proposed as shown in the following figure. It
consists of a memory controller, memory channels, and DIMMs (dual in-line memory
modules). Each DIMM consists of a number of DRAM devices (i.e. chips) and a memory
buffer; the memory buffer is connected to the DRAM devices through a conventional
memory bus. Each memory channel has a daisy chain structure that connects the memory
buffers through point-to-point links; and each memory buffer is connected to multiple
DRAM devices through convention memory bus. To access (read or write) a data block
from a DIMM, the request is first sent to the destination memory buffer, which then
translates and sends the request to the DRAM devices.
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One proposes to extend the memory buffers to include memory prefetching capability. A
small prefetch cache is added to the memory buffer. When the memory controller
receives a request from the processor to fetch a data block for the first time, two data
blocks, the demanded data block and a nearby data block, are fetched from the DRAM
devices in destination DIMM to its memory buffer. The demanded data block is then
transferred to the processor and the other block stays in the prefetch cache. If the other
block is accessed soon, the memory controller will get it from the prefetch cache without
accessing the DRAM devices again.
Answer the following questions and make effective arguments to support your answers.
The questions will be graded mostly on the soundness of your arguments.
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1) [10] A similar prefetching design has been proposed before, in which two data
blocks are fetched into the memory controller (a small cache is put into the
memory controller). Using the old design as a reference point, what are the pros
and cons of the proposed design?

2) [5] The small cache, like a cache in general, has tag and data parts. Where should
the tag part be located, the memory controller or the memory buffer? Explain
sufficiently.
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3) [10] A general design is to prefetch K blocks instead of two. What factors affect
the best choice of K? Explain sufficiently.
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Question 4: Multiprocessor [25 points]
1) [10 points] Compares the scaling properties of memory-based and cachebased schemes for flat directory organization.

2) [7 points] Given a directory-based, 2048-processor system with a cache
block size of 128 bytes. How much is the directory memory overhead for a
full bit vector scheme? If the system has 6TB memory in total, how much is
the actual data memory storage space?
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3) [8 points] Discuss three approaches that can reduce the directory memory
overhead for the above system; and compare the pros and cons of the
approaches.
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Ph.D. Qualifying Examination – Spring 2019

CONTROL SYSTEMS
(Two hours)

Solve all four problems.
State any assumptions you make in solving the problems.
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Ph.D. Qualifying Examination

Spring 2019

CONTROL SYSTEMS
Problem 1 (25 points)
Consider the control system shown in the figure,

r(t)
R(s)

u(t)
U(s)

+

y(t)

G(s)

Y(s)

−
H(s)

where

K(s + a)
, H(s) = 1, T > 0.
s(T s + 1)

G(s) =

(A) Determine the range of K so that the system is stable when a = −1.
(B) Determine the output y(t), the rise time tr (10% → 90%), the settling time (5% error), the
steady state error, and the maximum overshoot when K = 1, a = 1, T = 1, and the input r(t)
is the unit step function.
(C) Determine the output y(t) and the steady state error when K = −0.5, a = −0.5, T = 1, and
the input r(t) is the unit step function.
You can consult the following table of Laplace transform pairs:
f (t)

1

t

t2

tn

eat

F (s)

1
s

1
s2

2
s3

n!
sn+1

1
s−a

1

sin(ωt) cos(ωt)
ω
s2 +ω 2

s
s2 +ω 2
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Spring 2019

CONTROL SYSTEMS
Problem 2 (25 points)
Determine all eigenvalues, regular eigenvectors, and generalized eigenvectors for the operator represented by the matrix


1 2 0
A =  0 1 0 .
−3 3 5

2
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Spring 2019

CONTROL SYSTEMS
Problem 3 (25 points)
A disease propagation model is described by a system of coupled difference equations:
x(k + 2) − 2 v(k) = e1 (k) − e2 (k)
v(k + 1) + x(k + 1) − x(k) = e2 (k)
y(k) = 2 x(k) − v(k + 1) + e1 (k),
where the output is y(k) while e1 (k) and e2 (k) are the inputs.
(A) Find a state-space model of the system.
(B) Is the system BIBO stable?

3
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Ph.D. Qualifying Examination

Spring 2019

CONTROL SYSTEMS
Problem 4 (25 points)
Consider a dynamical system described by the state space model
ẋ = f (x, u),

x(t) ∈ Rn ,

y = g(x, u),

u(t), y(t) ∈ Rp ,

where the initial state x(0) at t = 0 is given. The system is called passive if there exists a continuously differentiable positive semidefinite function (called the storage function) V : Rn → R such
that
V̇ ≤ uT y
(1)
for all input and corresponding output of the system. In equation (1), the notation V̇ (x) = ∂V
f (x, u)
∂x
denotes the time derivative of V along the system trajectory. Equivalently, equation (1) also means
Z

T

u(t)T y(t) dt ≥ V (T ) − V (0) = V (T ) ≥ 0

∀T ≥ 0.

0

(A) [5 points] Consider the parallel interconnection G of two systems G1 and G2 given below,
where u = u1 = u2 and y = y1 + y2 . Suppose both G1 and G2 are passive. Prove that the
interconnection G is also passive.

u1

G

y1

G1

u

Σ

u2

y

y2

G2

(B) [10 points] Consider a dynamical system H given by
ẋ = f (x, u),

x(t) ∈ Rn ,

y = g(x),

u(t), y(t) ∈ Rp ,

where g satisfies g(x) = 0 if and only if x = 0. Suppose H is passive with a positive definite
storage function. Show that there exists a static output feedback control law u = −Ky, where
K ∈ Rn×n , such that the closed loop system is asymptotically stable. State the conditions on
the matrix K.
4

continued on next page
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(C) [10 points] Consider a single-input, single-output system whose transfer function is given by
b
G(s)
=

b
,
s−a

where a, b ∈ R. Give conditions on a and b under which the system is passive. (Hint: Consider
a quadratic storage function V (x) = 21 px2 , where p is to be determined.)

5
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Department of Electrical and Computer Engineering PhD Qualifying Exam
Spring 2019
Digital Systems and VLSI
(Duration: Two Hours)

Solve all four problems and clearly state any assumptions you make in solving the
problems. Assumptions should be reasonable.
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Problem 1 (Logic Optimization): 25 points
Consider the cyclic PI Table (PIT) shown in Fig. 1 with p PIs and p minterms (MTs) in which
each PI covers two MTs in the following regular pattern: PI1 covers MTs 1 and 2, PI2 covers
MTs 2 and 3, …., PIi covers MTs i and i+1, …, PIp-1 covers MTs p-1 and p, and finally PIp
covers MTs p and 1. The cost of a PI is (the number of literals in its product term + 1). Assume
that p is even. Answer the following questions with clearly stated reasoning.

Figure 1: A cyclic PIT in which each PI covers two MTs

a) Assume that all PIs have the same cost. Is there a minimum-cost choice of PIs to cover all
MTs that can be easily determined without using any known logic-optimization technique
such as Quine-McCluskey? If so, give one such choice, the corresponding cost of the
solution for an n-variable function, and explain why it is a minimum-cost solution to
cover all the MTs.
5 pts
b) Suppose one PI, say, PIj, has a smaller cost (because it covers some don't cares—these
are not shown in the PIT, and are not supposed to be shown there) than all the other PIs,
which have identical costs to each other. In this case, what would be the minimum-cost
choice of PIs to cover all MTs, and why?
7 pts
c) Suppose p > 3, and three PIs in the PIT, say, PIj , PIk, and PIr, have identical costs that
are smaller than those of all the other PIs, which have identical costs to each other. For
this situation, provide a technique of your own that does not involve applying any known
logic optimization technique (e.g., K-Map, Quine-McCluskey, Petrick’s) that selects a
minimum-cost choice of PIs to cover all MTs. Clearly explain why your technique is
correct.
13 pts
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Problem 2 (Logic design using MUX's, decoders): 25 points
(a) Design a 16 × 1 multiplexer with as many 4 × 1 multiplexers (diagram of which is shown
below) and other additional logic that you may need. Show your solution with block
diagrams for the components, label each input pin with corresponding number
clearly.
10 pts

(b) Finish the truth table below for a full adder.
A
0
0
0
0
1
1
1
1

B
0
0
1
1
0
0
1
1

C_in
0
1
0
1
0
1
0
1

5 pts
Sum

C_out

(c) Design the logic for the full adder of (b), with two 2-4 decoders (diagram shown below)
and as many OR gates as you may need.
Important Note: You should clearly label the decoder input and output pins with the
expressions of the corresponding functions of the input variables connected to them
(which may just be the input variables for some decoder input pins), and provide the
correctness proof of your design.
10 pts
Hint: Try cascading the two 2-4 decoders, i.e., one or more outputs of one decoder
feed(s), directly or via OR gate(s), to the second decoder (whose input(s) can also
include primary variables). The needed full adder outputs can be produced at the
outputs of one or both of the decoders.
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Problem 3 (Finite State Machine Synthesis): 25 points
Design a minimal-state Moore machine FSM (i.e., its state transition diagram), without using any
state-minimization technique, to determine for two n-bit unsigned numbers A and B, fed to it
LSB first over two bit serial lines a, b, whether A = 3B. Along with the lines a, b, there is a check
line c to the FSM which becomes 1 along with the appearance of the MSBs of A, B on the a, b
lines (at other times c = 0). If A = 3B after the MSB’s appear, then the FSM’s 2-bit output f = 11,
otherwise f = 01 (these output values can occur only when c = 1). Also, the aforementioned
output values need to be asserted when c becomes 1, and need to remain asserted as long as c =
1. At all other cc’s f = 00 (i.e., when c = 0). Further, when c goes back from 1 to 0, the FSM
needs to go back to its reset state after which the LSB’s for the next A, B numbers are fed to the
FSM. Note that the FSM is not supposed to use any external functional units or any external
logic circuit in general (beyond those that comprise its own design) to make the above
determination.
Hint: 3B = 2B+B. The FSM needs to remember something about some previous few bit(s) of B
it has seen, and the carry-out of the partial 2B+B that it has (implicitly) performed so far, and
go to a state in the current cc that remembers these values. Then based on the current bits of A
and B (current a, b values), it can determine if the A seen so far continues to be consistent with
3B for the B seen so far or not.
Important Notes:
1. Note again that the numbers A, B are fed to the FSM LSB first.
2. Conceptually label the states so that it is clear what they remember or represent about
past inputs. Note that this labeling is not state encoding by binary bit patterns, and such
encoding is not needed here.
3. On the transition arcs, the order of the input bits should be a, b, c. Clearly indicate this
order on at least one transition arc.
4. Determine a reset state, clearly label it as such, and explain conceptually why you have
chosen it to be the reset state.
5. Briefly explain in words how your FSM works (though from your state and transition arc
labeling as explained above, this working should also be clear).
6. You do not need to determine the state transition table and the logic implementation of
the FSM. You only need to determine its state transition diagram (which is always the
main challenge).
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Problem 4 (VLSI Design): 25 points
Consider the logic circuit below shown to the left:
VDD

A

MN1

B

MN2

VDD
C

MN3 D

MN4
IN
OUT

A

MN1 B
C

MN3

D

MN4

WMIN
OUT
WMIN

MN2

(a) Express the logic expression of OUT in terms of inputs A, B, C, and D.

5 pts

(b) Size the widths of various transistors in the circuit so that even the worst-case pull-up and pulldown strength of the circuit is exactly as much as in the inverter shown to the right. Assume that
all the transistors in the circuit above and in the inverter have a minimum channel length (L MIN).
In the inverter, the width of both NMOS and PMOS is WMIN. You can express the width of the
transistors in the table below in terms of WMIN.
10 pts
MN1

MN2

MN3

MN4

MP1

MP2

MP3

MP4
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(c) For the logic circuit with the sizing done in part (b), identify the transition for the worst case
‘high to low’ and ‘low to high’ delay considering that only one of the inputs (among A, B, C, D)
switches. Compute the RC delay for these transitions. Assume that the resistance of a minimum
width (WMIN) NMOS and PMOS is R. Account for junction capacitances in calculating delays.
For NMOS and PMOS of minimum sized width (WMIN), the junction capacitance is C at each
source and drain end. Ignore any external load capacitance of the circuit above.
10 pts
Transition

High-to-low

Low-to-high

Worst-case when only one input
changes

RC delay
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Ph.D. Qualifier Exam
Spring 2019
Electromagnetics
Use of scientific calculators is allowed. No internet enabled devices are allowed.
Each question is worth 25 points. Justify your answers.

1

Transmission line equations

Consider the electrical equivalent of a length ∆z of a transmission line given in Fig. 1. Derive the transmission
line equations in terms of the time t and the spatial variable z.

Figure 1: Length ∆z of a transmission line.

2

Method of images

An infinitesimal dipole is located above a perfect electrical conductor plane as shown in Fig. 2. Sketch the
location and orientation of its image and justify your answer.

Figure 2: Dipole above a perfect electrical conductor plane.
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Rectangular waveguide

Figure 3: Geometry for a rectangular waveguide.
In the determination of the TMz modes of a metallic rectangular waveguide, shown in Fig. 3, the magnetic
vector potential is


Az = [C1 sin(βx x) + C2 cos(βx x)] [D1 sin(βy y) + D2 cos(βy y)] E1 ejβz z + E2 e−jβz z .
Knowing that
j ∂ 2 Az
ωεµ ∂x∂z
j ∂ 2 Az
Ey = −
ωεµ ∂y∂z
 2

j
∂
2
+ β Az
Ez = −
ωεµ ∂z 2

Ex = −

which of the following choices is correct to represent a potential that generates fields satisfying the boundary
conditions on the metallic walls?
1. C2 = 0, D2 = 0, βx = mπ/a, βy = nπ/b, m = 1, 2, 3, ..., n = 1, 2, 3, ...
2. C1 = 0, D2 = 0, βx = 2mπ/a, βy = nπ/b, m = 1, 2, 3, ..., n = 1, 2, 3, ...
3. C2 = 0, D1 = 0, βx = mπ/a, βy = 2nπ/b, m = 1, 2, 3, ..., n = 1, 2, 3, ...
4. C1 = 0, D2 = 0, βx = 2mπ/a, βy = nπ/b, m = 1, 2, 3, ..., n = 1, 2, 3, ...
5. C2 = 0, D1 = 0, βx = mπ/a, βy = 2nπ/b, m = 1, 2, 3, ..., n = 1, 2, 3, ...

4

Antenna

Assume that the far-field power density radiated by a particular antenna is given by
W = r̂Wr (ϑ, ϕ) = r̂ 3I02

sin2 ϑ
[W/m2 ]
r2

where I0 is the peak current on the antenna.
(a) Calculate the radiation resistance of this antenna.
(b) If the antenna has a loss resistance of 5 Ω, compute the antenna’s (1) radiation efficiency; (2) maximum
directivity; and (3) gain (which excludes the return loss due to impedance mismatch).
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Problem 1 (25 Points):
a) Calculate N=32 point DFT of x[n] ={x[0]= 0.5, 1, 0.5}.
b) Calculate N=32 point DFT of x[n] ={ 0.5, x[0]=1, 0.5}.
c) Decimation-in-time FFT algorithm: Express the N-point DFT

X [k] =

N−1

∑
n= 0

x[n]exp(−j 2πk n /N ), k = 0,1,...,N − 1 using two N/2 point DFT’s using the

decimation-in-time FFT algorithm (assume that N is even).
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Problem 2 (25 Points):
Problem
Consider the two-channel filter bank shown below. Denote the z-transform of x[n], vk [n], tk [n], and
y[n] as X(z), Vk (z), Tk (z), and Y (z), respectively, where k = 0, 1.
In the following, let SN denote a shift in a signal by N where N is an integer, that is SN x[n] = x[n N ].
(a) Express Tk (z) in terms of Vk (z), where k = 0, 1. Derive the expression for Y (z) in terms of X(z).
(b) Let y[n] = b[n] be the output corresponding to an input x[n] = a[n], where a[n] and b[n] are known
sequences. Explain whether you can determine the output in terms of b[n] corresponding to the input
in the following two cases and find the answer if you can:
• x = S3 a, that is x[n] = a[n

3].

• x = a + 3S2 a, that is x[n] = a[n] + 3a[n

2].

(c) Now let [F0 (z)G0 (z)+F1 (z)G1 (z)] = h0 +h1 z 1 +h2 z 2 . Also let[F0 (z)G0 ( z)+F1 (z)G1 ( z)] = 0.
Again let y[n] = b[n] be the output corresponding to an input x[n] = a[n]. Explain whether you can
determine the output corresponding to the input x = S1 a + 3S2 a, that is x[n] = a[n 1] + 3a[n 2].
Find the answer if you can.
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Problem 3 (25 Points):
Consider a zero-mean wide-sense stationary discrete-time stochastic process 𝑥(𝑛).
An estimate of the power-spectral density 𝑆& (𝜔) of the stochastic process 𝑥(𝑛) is provided by the
periodogram 𝐼) (𝜔) defined as the Fourier Transform of an estimate 𝑟̂& (𝑚) of the auto-correlation
𝑟& (𝑚) of the stochastic process 𝑥(𝑛); i.e.,

I N (w ) =

N -1

å rˆ

X
m = - ( N -1)

(m)e - jwm ,

where
1
r̂X (m) =
N

N − m −1

∑

x(n)x(n + m) ,

n=0

for every m £ N - 1.
(a) Show that:

I N (w ) =

1
2
X N (w ) ,
N

where
N -1

X N (w ) = å x(n)e - jwn .
n =0

(b) Show that the periodogram 𝐼) (𝜔) is an asymptotically unbiased estimate of the power-spectral
density 𝑆& (𝜔) of the stochastic process 𝑥(𝑛); i.e.,

SX (ω ) = lim N→∞ E [ I N (ω )] .
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Name:

1. We have acquired a set of samples {x(1), x(2), · · · , x(N )}. The observed values {x(n)}N
n=1 are connected
to some parameters of interest {rn }N
n=1 through the following multiplicative model:
x(n) = |1 + ✏n | r1 r2 · · · rn
where {✏n }N
n=1 account for the observation interference and follow an i.i.d. Gaussian distribution with
zero mean and a very small variance 2 ⌧ 0.1.
N
(a) Devise an educated approach to estimate {rn }N
n=1 from the acquired samples {x(n)}n=1 .

(b) Discuss the accuracy/reliability of the proposed estimates. Do all {rn }N
n=1 estimates have the same
accuracy/reliability?

Points earned:

out of a possible 0 points
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(25 points)

1. For a n+-n junction shown below, assume that at the far end of contacts the carriers
have returned to their equilibrium values.

(a) Plot the band diagram at equilibrium including EC, EV, Ei and EF.
(b) What would be the built-in voltage analytically?
(c) Plot the net charge density at equilibrium and identify which term in
is dominant at the two sides of the junction.
+
(d) (d) Now if the n region is replaced by a metal with work function at the affinity of
the Si (approximately 4.05eV), draw the band diagram at equilibrium assuming the
interface is free of any trap states. Is the metal-Si contact rectifying or Ohmic?
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(25 points)

Consider an electron of mass, m*, trapped in a one-dimensional quantum well of width,
d. Take the barriers to the left and the right of the quantum well to be infinitely thick.
Take the depth of the well to be Vo. Show that as Vo goes to infinity, the evanescent
tunneling tail of the ground state wavefunction, with energy E1, has a penetration depth
that tends to zero.
Vo
DERIVATION

d

E
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(25 points)

An abrupt junction diode has p-side doping of 3*1015/cc and n-side doping of 2*1015/cc
at 300K in silicon. At what reverse bias would you expect that a real diode’s current
density would exceed that of an ideal diode by 104 ? State and justify any assumptions
you need to make. You can assume the depletion approximation, the diode doesn’t
breakdown in reverse bias, no light,  n  1500

cm 2
cm 2
1010
  p  500
  ni  300 K   3 
V s
V s
cm

minority carrier lifetimes of 1 s, Vt=0.0259V, Si=11.7*0=1.036*10-12 Fd/cm,
e=1.602x10-19 coulombs.


Dp
V  
 DN
DP  Dn
V


J ideal  J o  exp  A   1 , J o  e  ni2  
,
,


t
p
 Vt  
 LN  N A LP  N D  n

ni2  p  n
n p


,
L n  D n  n , L p  D p  p ,
t t  n   p  ni    p   n  ni 
W 

 1
2   Si
1
 Vbi  VA   

e
 NA ND

 NA  ND 

 , Vbi  Vt  ln n 2 
i
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(25 points)

There are two types of metal-semiconductor contacts: the rectifying and nonrectifying or
ohmic types. Give a brief description. Draw Energy-band diagrams of metalsemiconductors under different biasing conditions:
a) thermal equilibrium;
b) forward bias;
c) reverse bias.
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Pb 1 Determine the steady-state voltage gain (ratio of the output voltage and the input voltage) the
current gain (ratio of the load current and the source current) of the following power converter
shown in Figure 1. Assume no losses are incurred in the L-C components and the switches Q1 and
D1. (Points: 25)

Figure 1. A dc/dc power converter. Switches Q1 and D1 switch complementarily (i.e., when Q1 is
on, D1 is off and vice versa).

Pb 2 Consider the bi-quad filter circuit shown in Figure 2. (Points: 25)
a. Find the transfer function 𝐻
b. Show that 𝐻

𝑠

𝑉 𝑠 ⁄𝑉 𝑠 . (Points: 10)

𝑠 has the standard form of a second-order lowpass filter given by

𝐾𝜔
𝜔
𝑠
𝑠 𝜔
𝑄
Find expressions for K, 𝜔 and Q in terms of the circuit variables. (Points: 5)
𝐻

𝑠

c. Now let 𝐶
𝐶
2F, 𝑅 = 1Ω and 𝜔
1 in the expressions for 𝐾, 𝜔 and 𝑄 from part (b)
and solve for 𝑅 , 𝑅 and 𝑅 . These values should be in terms of 𝐾 and 𝑄. (Points: 10)

Figure 2. The Tow-Thomas bi-quad filter.
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Pb 3 (Points: 25)
a. Determine the input impedance, Z, of the resistive ladder shown in Figure 3. (Points: 10)
b. In a similar capacitive ladder, capacitors C and Cdiag are connected, respectively, instead of the
resistors R and Rdiag, as shown in Figure 1. Determine the effective capacitance, Ceff, of the
capacitive ladder? (Points: 10)

Figure 3. Resistive ladder for Pb 3.
c. A voltage source is connected to a system of three Ceff capacitors for a long period of time, as
shown in Figure 4. The voltage source is disconnected at time t = t0. How the charge on C1,
C2, and C3 compare (use < > =) before and after t0. Explain. (Points: 5)

Figure 4. Capacitive system for Pb 3.

Pb 4 For the dc/dc buck converter shown in Figure 5, assume that the silicon diode is a PiN diode
that incurs reverse recovery. Assume that, initially that the inductor current is freewheeling through
the diode and the power MOSFET is in the off state. Next, the power MOSFET is turned on. (a)
Illustrate the voltage across the power MOSFET and the current through once it is turned on. (b)
Illustrate the power loss of the power MOSFET during its turn on. (c) Finally, assuming that, the
diode is an abrupt diode, determine a simple expression for the energy loss in the power MOSFET
assuming its rise time to be tr and the recovery charge of the diode to be Qr. (Points: (a): 10; (b):
8; and (c): 7)

Figure 5. A dc/dc buck converter.

