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Question 1 [35 points]
A team of researchers propose a “smart” sorting algorithm, described by the following pseudo
code:
Smart-Sort(X, i, j)
if X[i] > X[j]
then swap X[i] and X[j]
if i ³ j - 1
then return
k = floor((j-i+1)/3)
// k is a third of the range
Smart-Sort(X, i, j-k)
Smart-Sort(X, i+k, j)
Smart-Sort(X, i, j-k)
return
Function floor() is the floor function, e.g. floor(5/3) = 1.
a. [15 points] Argue that given an array X of n elements, Smart-Sort(X, 1, n) sorts array X
correctly.
b. [20 points] Using the Master theorem for recurrences, analyze the worst-case time
complexity of Smart-Sort. Give a tight asymptotic bound (Q-notation).
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Question 2 [30 points]
You are given a tree of n nodes, each assigned with a number that represents its value. The
following is an example.

Design an efficient algorithm to select a subset of nodes that:
1. A child node and its parent node cannot both be selected.
2. The sum of the values of the selected nodes should be maximized.
Write the pseudo code for your algorithm. Then, give a tight asymptotic bound (Q-notation) of
its worst-case time complexity.
Hint: You may use the dynamic programming approach.
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Question 3 [35 points]
Assume that a processor has a set of tasks T = {T1, T2, …, Tm} to run. Each task Ti has an
execution time of ti for i = 1, 2, …, m when the processor is running at the full speed; and its
execution time is inversely proportional to the processor speed. Each task Ti also has a deadline
of di. If task Ti does not meet its deadline di, a nonnegative penalty xi would be incurred. Also
assume that when the processor is running at the full speed, its power consumption is P; when
the processor is running at 1⁄𝑛 of the full speed, its power consumption is 𝑃⁄𝑛! ; and when the
processor is idle, it consumes zero power. Design an algorithm that schedules the set of tasks
with minimal penalty and energy consumption, and analyze the complexity of your algorithm.
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Instructions:
• Solve all four problems.
• State any assumptions you make in solving the problems.
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Question 1: Performance Evaluation [25 points]
A certain ISA has two alternative implementations - Processor X (2 GHz) vs. Y (2.5
GHz):
Instruction type

CPI for X

CPI for Y

Integer ALU

6

10

FP ALU

200

100

Mem access cache miss

80

150

Mem access cache hit

5

10

Branches

4

5

Two benchmark (A and B) are considered as listed below:
Instruction type

Benchmark A

Benchmark B

Integer ALU

20%

10%

FP ALU

10%

40%

Mem access

60%

30%

Branches

10%

20%

Total dynamic instruction count

2 billion

3 billion

a. [6 points] Compare the performance of benchmark A on processor X vs. Y,
assuming 80% hit rate of data cache.
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[5 points] A marketing team wants to promote a larger data cache, which can
improve the hit rate from 80% to 90%. They would like to cherry pick a
configuration that makes the performance improvement looks the most impressive.
Which combination should they choose between the two benchmarks (A vs. B)
and between the two processors (X vs. Y)? Provide your reasoning.

c. [8 points] MFLOPS counts how many millions of floating point operations are
conducted per second for a given processor, and is sometimes used as a metric to
evaluate performance. What are the MFLOPS results for benchmarks A and B,
running on processors X and Y, respectively?

d. [6 points] Use your results to explain why MFLOPS might be misleading as a
metric to compare processors (X vs Y), and explain under what constraint this
might be.
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Question 2: Memory hierarchy [25 points]
a. [5 points] Draw the schematic of a DRAM cell (e.g., 1T1C). Explain why DRAM
needs to be refreshed in the memory system.

b. [5 points] A designer decides to use a smarter policy to refresh the memory.
A row is refreshed only if it has not been accessed in the past 64 ms. Do you
think this is a good idea? Why or why not?

c. [5 points] During standalone runs of two applications (A and B) on the
machine, you observe that application A spends a significantly larger fraction
of cycles stalling for memory than application B does while both applications
have a similar number of memory requests. What might be the reasons for
this?
d. [10 points] Assuming in a Tiered-Latency DRAM architecture, in which there
is a near and far segment, each containing some number of rows. Assume a
very simplified memory model where there is just one bank and there are
two rows in the near segment and four rows in the far segment. The time to
activate and precharge a row is 25ns in the near segment and 50ns in the far
segment. The time from start of activation to reading data is 10ns in the near
segment and 15ns in the far segment. All other timings are negligible for this
problem. Given the following memory request stream, determine the optimal
assignment (minimize average latency of requests) of rows in the near and
far segment (assume a fixed mapping where rows cannot migrate, a closedrow policy, and the far segment is inclusive).
time
time
time
time
time
time

0ns :
10ns :
100ns:
105ns:
200ns:
300ns:

row
row
row
row
row
row

0
1
2
1
3
1

read
read
read
read
read
read

What rows would you place in near segment? Hint: draw a timeline.

ECE

Spring 2020 PHD Qualifying Exam

Page 9 of 44

Question 3: Multiprocessor [25 points]
a. [7 points] For a shared memory multiprocessor, is it sufficient to only define
its memory consistency model without defining its cache coherence model?
Why or why not? Explain your answers in detail.

b. [18 points] For the following code segments running on three processors P1,
P2 and P3, what are all possible values of A, B, and C during the program
execution? List all possible and impossible printout results of (A, B, C) under
Sequential Consistency model. For each result, explain why it is possible or
impossible. Assume that A=0, B=0, and C=0 before this code is reached.
P1
P2
P3
-------------------------------------------------------------------------(1a) A = 1
(2a) B = 2
(3a) C = 3
(1b) C = 6
(2b) A = B+4
(3b) B = 4
(1c) Print B
(2c) Print C
(3c) Print A
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Question 4: I/O system [25 points]
A storage system consists of 10,000 disks, each rated of 1,000,000-hour MTTF (Mean
Time To Failure). If a disk fails, it takes one hour to replace the disk with a new disk.
A system failure is defined as user data loss from disk failure. Assume that there is no
other point of failure in the system (for simplicity).
a. [2 points] What is the FIT rate (Failure In Time) of a single disk? Recall that
the FIT rate for a component is defined as the expected number of failures
per 1 billion hours.
b. [5 points] If the system employs the RAID-0 (no redundancy) organization,
what are the FIT rate and MTTF of the system?
c. [10 points] If the system employs the RAID-1 (mirroring) organization, what
is the MTTF of the system?
d. [8 points] If the system employs the RAID-5 organization with a data/parity
ration of 4:1 (i.e. one parity block for every four data blocks), what is the
MTTF of the system?
You must show the procedure of solving to get the credit. A small rounding error (less
than 1.0%) in your calculation is acceptable.
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University of Illinois at Chicago
Electrical and Computer Engineering Department
Ph.D Qualifying Exam - Spring 2020
Area: COMMUNICATIONS

• You have 3 hours to complete this exam.
• Solve all the problems of this exam. Problems have equal weight.
• State any assumptions you make in solving the problems. Credit is given only if you
write out your derivations and reasoning in detail.
• Calculators and computing devices are permitted.
• This exam is open books and open notes.
• No form of collaboration between the students is allowed. If you are caught cheating,
you will face disciplinary consequences.
• If we can’t read it, we can’t grade it!
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Fourier Analysis and Analog Communications

A message signal
m(t) = 100 sinc(100πt) + cos(100πt),
is single-sideband modulated using a carrier cos ωc t, with ωc = 300π. The modulated signal
is given by
φ(t) = m(t) cos(ωc t) − mh (t) sin(ωc t),
where mh (t) is the Hilbert transform of m(t), that is, mh (t) = m(t) ∗ h(t), where the Fourier
1
is given by H(ω):
transform of h(t) = πt

Z ∞
 −j ω > 0,
0
ω = 0,
h(t)e−jωt dt = −j sgn(ω) =
H(ω) =

−∞
j
ω < 0.
1. (10 points) Find and sketch the Fourier transforms M (ω) and Φ(ω) of m(t) and φ(t)
respectively.
2. (10 points) If the signal φ(t) is sampled at fs = 300 Hz, find and P
sketch the Fourier
transform of the sampled signal φ̄(t) = φ(t)δTs (t), where δTs (t) = ∞
n=−∞ δ(t − nTs )
and Ts = 1/fs .
3. (5 points) Can we recover m(t) from φ(t)? If so, how?

NOTE: Fourier pair relationship:
ω
ΩB
sinc(ΩB t) ↔ rect(
),
π
2ΩB
where


sinc(x) =

and

sin(x)
x

1

x 6= 0,
x = 0.


|x| < 0.5,
 1
0.5 |x| = 0.5,
rect(x) =

0
|x| > 0.5

2
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Digital Communications

Consider the ternary modulation scheme that transmits three signals. The prior probabilities
of the three signals being transmitted are equal.
( q
2 T2 cos(wt), for 0 < t ≤ T
s1 (t) =
0,
elsewhere.
( q
s2 (t) =

0,

8
T

cos(wt + π), for 0 < t ≤ T
elsewhere.

s3 (t) = 0.
where T is the symbol time interval, wT = 100π.
1. (10 points) What is the dimensionality of the signal space? Find the data symbols
corresponding to the signals. Draw the signal constellation.
2. (5 points) The noise has the following input dependent density over each dimension:
 1
2
√
exp( −n2 ),
if s1 (t) or s2 (t) is transmit,


2π

 1
p(n) =

for|n| ≤ 1

2

if s3 (t) is transmit,
0 otherwise
Draw the decision boundaries and label the decision regions for the optimal receiver
that minimizes the message error probability.
3. (10 points) Determine the exact conditional error probability Pr[error|sj (t) sent], ∀j =
1, 2, and 3. Derive the average probability of message error Pe .

3
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Probability and Random Processes

You have n boxes and an infinite supply of apples. At each time, you put an apple to one
of the boxes chosen uniformly at random. Let T be the time at which you obtain at least
one apple at each box. We are interested in E[T ]. To make the calculation easier, we will
investigate an intermediate random variable: Given i ∈ {1, . . . , n}, let ti be the time to
acquire at least one apple in i boxes given that you already have at least one apple in i − 1
boxes.
1. (3 points) Express T in terms of the random variables t1 , . . . , tn . Express the expected
value of T in terms of the expected value of the random variables t1 , . . . , tn .
2. (6 points) Find the probability mass function of ti for every i ∈ {1, . . . , n}.
3. (5 points) Find E[ti ] for every i ∈ {1, . . . , n}.
4. (3 points) Calculate E[T ].
5. (3 points) Find the function f (n) such that limn→∞

E[T ]
f (n)

= 1.

6. (5 points) Let Tm be the time at which you obtain at least m apples at each box. Show
that E[Tm ] is at most a constant multiple of E[T1 ] = E[T ].

4
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Information Theory

Consider a source that outputs symbols A, B, C and D with probabilities P [A] = 0.4,P [B] =
0.2, P [C] = 0.2 and P [D] = 0.2.
1. (5 points) Find the optimal binary (outputs codewords with 0 and 1) Huffman code
for this source.
2. (5 points) Find the optimal ternary (outputs codewords with 0, 1, and 2) code for this
source.
3. (3 points) What is the minimal number of bits per source symbol needed to represent
this source so that it may be reconstructed without error?
4. (6 points) Generate a string of length n of symbols A,B,C,D selected independently
and identically according to the distribution in the problem statement. Encode this
string of length n into a binary string using the optimal Huffman code found in 1).
Call this binary string Bn . What is the fraction of 0’s and 1’s in this string as n → ∞?
5. (6 points) Generate a string of length n of symbols A,B,C,D selected independently
and identically according to the distribution in the problem statement. Encode this
string of length n into a ternary string using the optimal Huffman code found in 2).
Call this binary string Tn . What is the fraction of 0’s, 1’s and 2’s in this string as
n → ∞?

5
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Department of Electrical and Computer Engineering
Ph.D. Qualifying Examination – Spring 2020

CONTROL SYSTEMS
(Three hours)

Solve all four problems.
Explain your reasoning and state any assumptions you make in solving the problems.
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CONTROL SYSTEMS
Problem 1 (25 points)
Using Routh-Hurwitz criterion, design K(s) that stabilizes the closed-loop system (shown in Figure
1) for the following two cases:
(A) K(s) = Kp (constant, proportional controller)
(B) K(s) = Kp +

KI
s

(PI (proportional-integral) controller)

Figure 1: Closed loop system

1
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Spring 2020

CONTROL SYSTEMS
Problem 2 (25 points)
Consider the control system shown in the figure, where the sampling period is T = 1 sec.

(A) Gh (s) is a zero-order hold, briefly describe its function.
(B) Derive the expression for the discrete (pulse) transfer function Φ(z) of the closed-loop system.
(C) Calculate the sampled unit step response c∗ (t) of the system.

2
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CONTROL SYSTEMS
Problem 3 (25 points)
Consider a linear system:
ẋ(t) = A(t) x(t) + B(t) u(t)
y(t) = C(t) x(t)
The state-transition matrix of this system is:
 −(t−τ )
e
Φ(t, τ ) =
0

1 t+2τ
e
− 12 e4τ −t
2
−2(t−τ )



e

(A) [10 points] Find the system matrix A(t).
(B) [5 points] Is the zero-input system stable?
(C) Assume that:

B(t) =

0
e


and

−4t

C(t) =



(i) [5 points] Compute the impulse response matrix of the system.
(ii) [5 points] Is the system BIBO stable?
Justify your answers!

3

1 1
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CONTROL SYSTEMS
Problem 4 (25 points)
In this problem, you will be asked to answer a number of questions related to reachability of a linear
time-invariant dynamical system
ẋ(t) = Ax(t) + Bu(t),

t ∈ [0, ∞),

where A ∈ Rn×n and B ∈ Rn×p . Denote by R the reachable set of the system from 0, defined as
R , {x ∈ Rn | x is reachable from 0} ⊆ Rn .
(A) [12 points] For each of the following conditions, determine whether the given condition implies
xf ∈ R. Justify your answers. Points will not be given to yes/no answers without justification.
(a) xf = Bv for some v ∈ Rp ;
(b) xf = Av for some v ∈ Rn ;
(c) xf = (3A2 + A)Bv for some v ∈ Rp ;
(d) xf = Av for some v ∈ R.
(B) [7 points] Suppose you are given



A=





−1
−1



,
−1

2 1 
2

(entries that are not shown are assumed to be 0) but you do not know the value of B. (You
only know that the size of B is n × p.) Prove that (A, B) is not reachable when p ≤ 2.
(C) [6 points] Consider the same A matrix given in part (b). Suppose p = 2. Can you conclude
that the system cannot be stabilized by a static linear state feedback u = −Kx? Justify your
answers.

4
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Department of Electrical and Computer Engineering
PhD Qualifying Exam – Spring 2020
Digital System and VLSI Design
(Duration: Three Hours)

Solve all four problems and state clearly any assumptions you make in solving the problems.
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Q. 1: Combinational Logic Optimization [25 points]

Consider this function: F(a,b,c,d)=åm(1,2,3,4,5,6,13,15)
(a) Use the Quine-McCluskey Method to find all the Prime Implicants.
5pts

(b) Construct the Prime Implicant Table (PIT), reduce the PIT by identifying Essential Prime
Implicants, applying row dominance and column dominance. Apply Petrick’s Method to derive
the final Sum-Of-Products expressions of this function.
6pts

(c) Perform the same procedure above for the following function (now with two added don’t-care
terms):
G(a,b,c,d)=åm(1,2,3,4,5,6,13,15)+ åd(9,11)

10pts

(d) Show your results on a Karnaugh Map for the above two functions and explain what
differences the two don’t-care terms make during the process.
4 pts
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Q. 2: FSM Design [25 points]

(a) Design a minimal-state Mealy machine FSM (i.e., its state transition diagram), that outputs a
1 on a single output line y whenever the pattern that been inputted to it so far on a single bit
input line x (the bits are transmitted on x sequentially, one bit per clock cycle) contains 110, or
1001. As part of the FSM design, determine a reset state of the machine, and explain
conceptually why you have chosen it to be the reset state.
Example input / output:
cycle 1
x
0
y
0

2
1
0

3
1
0

4
0
1

5
0
0

6
1
1

7
1
0

8
0
1

9
0
0

10
1
1

11
0
0

12
1
0

13
1
0

14
0
1

15 pts

(b) Implement the FSM for part (a) using one-hot encoding for state assignment, with edgetriggered D-FFs with reset controls, and AND/OR/NOT gates only. Show where the system
reset signal (which, when activated, takes the FSM to its reset state) should be connected.
10 pts
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[25 points]

Consider the logic circuit below shown in the left:
(a) Express the logical expression of OUT in terms of inputs A, B, and C.

5 pts

VDD

A

VDD

MP1
C

B

MP3

MP2
OUT

A

MN1 B
C

IN

2×WMIN
OUT
WMIN

MN2

MN3

(b) Size the widths of various transistors in the circuit so that even the worst-case pull-up and pull-

down strength of the circuit is exactly as much as in the inverter shown to the right. Assume that
all the transistors in the circuit above and in the inverter have a minimum channel length (LMIN).
In the inverter, the width of NMOS is WMIN, and the width of PMOS is 2WMIN. You can express
the width of the transistors in the table below in terms of WMIN.
MN1

MN2

MN3

MP1

MP2

MP3

10 pts
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(c) For the logic design, identify the transition for the worst case ‘high to low’ and ‘low to high’ delay

considering that only one of the input (among A, B, C) switches. Compute RC delay for these
transitions. Assume that the resistance of a minimum width (WMIN) NMOS and PMOS is R.
Account junction capacitances in calculating delays. For NMOS and PMOS of minimum sized
width (WMIN), the junction capacitance is C at each source and drain ends. Ignore any external load
capacitance for the circuit above.
Transition

Worst-case when only one input
changes

RC delay

High-to-low

Low-to-high

10 pts
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[25 points]

(a) Complete the truth table of a full adder, which has three inputs, A, B, and carry-in (Cin).
A

B

Cin

0

0

0

0

0

1

0

1

0

0

1

1

1

0

0

1

0

1

1

1

0

1

1

1

Sum

Cout

5 pts
(b) Complete the truth table of a 3-to-8 line decoder. Note that the first line has been provided to assist
your analysis.

a

b

c

y0

y1

y2

y3

y4

y5

y6

y7

0

0

0

1

0

0

0

0

0

0

0

0

0

1

0

1

0

0

1

1

1

0

0

1

0

1

1

1

0

1

1

1

5 pts
(c) Use the 3-to-8 decoder to and other necessary logic gates (e.g., AND, OR etc.) to build a full adder.
(Hint, to simplify the design, you can choose a logic gate with more than 2 inputs).
15 pts
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Ph.D. Qualifier Exam
Spring 2020
Electromagnetics

Question 1 (25 points)
A electromagnetic plane wave travels in region 1, propagates across region 2 and is then transmitted to
region 3 as indicated in Fig 1. Region 2 is an infinite slab limited by two parallel surfaces. The three

Figure 1: Uniform plane wave traveling in region 1 and normally incident on region 2.

regions are lossless and characterized by dielectric permittivity εi , magnetic permeability µi , with i = 1, 2, 3,
respectively. The electromagnetic wave has uniform amplitude E1 , is monochromatic at the frequency f0 ,
is linearly polarized and is normally incident on the slab. What is the fraction of the power carried by the
incident wave that is transmitted to region 3? Hint: consider the similarity with an appropriate equivalent
transmission line problem.
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Question 2 (25 points)
A T M z uniform monochromatic plane wave traveling in the positive x direction in free space is normally
incident on a lossless infinitely long dielectric circular cylinder. The axis of symmetry of the cylinder is the
z axis, its radius is a, the dielectric permittivity is 0 r and the magnetic permeability is µ0 µr . Assume that
the incident, scattered, and transmitted electric fields can be written as
Ei = ẑE0

+∞
X

j −n Jn (β0 ρ) ejnφ ,

(1)

an Hn(2) (β0 ρ) ejnφ ,

(2)

[bn Jn (β1 ρ) + cn Yn (β1 ρ)] ejnφ .

(3)

n=−∞

Es = ẑE0

+∞
X
n=−∞

Ed = ẑE0

+∞
X
n=−∞

(a) Derive expressions for the incident, scattered, and transmitted magnetic field components. (b) Show
that the modal expansion coefficients are
p
Jn0 (β0 a) Jn (β1 a) − r /µr Jn (β0 a) Jn0 (β1 a)
−n
,
(4)
an = j p
(2)0
(2)
r /µr Jn0 (β1 a) Hn (β0 a) − Jn (β1 a) Hn (β0 a)
(2)0

bn = j −n

(2)

(β0 a) − Jn0 (β0 a) Hn (β0 a)
,
p
(2)0
(2)
Jn (β1 a) Hn (β0 a) − r /µr Jn0 (β1 a) Hn (β0 a)
Jn (β0 a) Hn

cn = 0.
Recall that the curl operator in cylindrical coordinates is






1 ∂Az
∂Aφ
∂Aρ
∂Az
1 ∂(ρAφ ) 1 ∂Aρ
∇ × A = ρ̂
−
+ φ̂
−
+ ẑ
−
ρ ∂φ
∂z
∂z
∂ρ
ρ ∂ρ
ρ ∂φ

(5)
(6)

(7)
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Question 3 (35 points)
Two infinitesimal monopole antennas (length l << λ) with spacing d between them are placed along
the z-axis and mounted perpendicular to a ground plane, as shown in Fig. i. The spacing between
the elements d = λ/ 4, where λ is the wavelength of radio-frequency wave.

(a) Find the array factor (AF), and the angles where the maxima and nulls of the radiation
pattern occur.
(b) If the top antenna is excited by a phase of 5𝜋𝜋/16 and the bottom one is excited by a phase
of -5𝜋𝜋/16. Find the array factor (AF), and the angles where the maxima and nulls of the
radiation pattern occur.
(c) Assuming that the two antennas are rotated by 90o such that they are parallel to the ground
plane, as shown in Fig. ii. Please find nulls of the radiation pattern.
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Question 4 (15 points)
(a) Please draw mirror images for magnetic dipoles on a PEC substrate and those for electric
dipoles on a PMC substrate. Please also justify your answers.

Answer: Null occurs at 90o and maxima occurs as 0 and pi
Answer: Nulls occurs at sin-1(3/4) 0o and 90o, and the maximum occurs as pi

?

Answer: Null! The antenna cannot radiate.

?

(b) [Lorentz reciprocity theorem] A transmitting antenna has a radiation pattern shown in
Fig. i. Considering the same antenna employed for receiving radio signals, as shown in Fig.
ii, please find the best location to place the transmitter such that the antenna can receive
the maximum power. Please justify your answer.

ECE

Spring 2020 PHD Qualifying Exam
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Ph.D. Qualifying Examination - Spring 2020
PEEC
(Three hours)

Solve all four problems.
Explain your reasoning and state any assumptions you make in solving the problems.
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Pb 1: (Points: 25)
1.

[8 pts] Consider the electrical circuit shown in Fig. 1. Assume that all the op amps in the
circuit are ideal. Find the transfer function H(s) = Vout/Vin for Vin,A = Vin,B = Vin.

Fig. 1. Electrical circuit with ideal op amps.
2. [8 pts] Consider another electrical circuit as described by the asymptotic Bode plot in Fig. 2.
Find the following:
a. [2 pts] The gain ratios H(ω1)/H(ω2) and H(ω2)/H(ω3) in [V/V].
b. [2 pts] The relations between the angular frequencies ω1, ω2, and ω3.
c. [2 pts] The number of poles and zeros in the system.
d. [2 pts] The transfer function of this system in Fig. 2 in terms of ωi and H(ωi).

Fig. 2. Asymptotic Bode plot.
3. [9 pts] Assume that Vin,B = 0 and Ri = R for all the resistors in Fig. 1. Add as many capacitors
as needed to the system in Fig. 1 so that the transfer functions of the systems in Figs. 1 and 2
are identical.
a. [4 pts] Show all the capacitors on Fig. 1.
b. [4 pts] Find the relation between all the added capacitances.
c. [1 pts] How much is H(ω1)?
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Pb 2: (Points: 25) [part (a): 8 pts; part (b): 8 pts; part (c): 9 pts]
A single-switch basic dc/dc boost converter has following parameters: 𝑉𝑖𝑛 = 20 V, 𝐷 = 0.6, 𝐿 =
100 µH, 𝑅 = 50 ohm, 𝐶 = 100 µF, and 𝑓 = 15 kHz. (a) Verify that the inductor current is
discontinuous. (b) Determine the output voltage. (c) Determine the maximum inductor current.

Pb 3: (Points: 25)
Design a non-isolated second-order dc/dc buck-boost converter to operate in continuous
conduction mode (CCM) with the following specifications: 𝑉𝑖𝑛,𝑚𝑖𝑛 = 90 V, 𝑉𝑖𝑛,𝑚𝑎𝑥 = 150 V,
𝑜
𝑉𝑖𝑛,𝑛𝑜𝑚 = 120 V, 𝑉𝑜 = 120 V, 𝐼𝑜,𝑚𝑎𝑥 = 2 A, 𝐼𝑜,𝑚𝑖𝑛 = 0.2 A, 𝑓𝑠 = 50 kHz, and ∆𝑉
= 1%.
𝑉𝑜

Pb 4: (Points: 25)
For the following filter circuit (Fig. 3) is in standard second-order form, and is given by
H(s) =

𝑉𝑜𝑢𝑡 (𝑠)
𝑉𝑖𝑛 (𝑠)

1

= 𝑠2 +0.3𝑠+1, with 𝑅1 = 1Ω, 𝑅2 = 1Ω, 𝑅3 = 1Ω, 𝐶1 = 10𝐹, 𝐶2 = 0.1𝐹.

Fig. 3. Filter circuit for Pb 4.
a. [5 pts] If the resonant (corner) frequency of the filter is 500 rad/s, find new values for R1, R2,
R3 C1, and C2
b. [5 pts] Starting from your results in Pb 4(a), scale your circuit when magnitude scaling
km=1K.
c. [5 pts] Sketch the asymptotic Bode plot for the initial H(s). Make sure you label the gain values,
peaks, corner frequencies and the slopes for full credit.
d. [10] If 𝑅1 = 2Ω, 𝑅2 = 1Ω, 𝑅3 = 2Ω, 𝐶1 = 1𝐹, 𝐶2 = 1𝐹, H(s) =

𝑉𝑜𝑢𝑡 (𝑠)
𝑉𝑖𝑛 (𝑠)

=
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Instructions:
1. Open books.
2. Open notes.
3. Calculators are permitted.
4. Good luck!
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Name:

1. The autocorrelation sequence of a real-valued signal {x(n)}N
n=1 is defined as
rk =

N
Xk
n=1

x(n)x(n + k),

k 2 {0, 1, · · · , N

1}.

In many signal processing applications, signals with low out-of-phase autocorrelation, i.e. with small
|rk | for k 6= 0, are desired. A signal is called perfect if rk = 0, for k 6= 0.
(a) Show that r0

|rk | for all k.

(b) Assume that a perfect signal has a DC level of ↵, i.e., we have
r0 = (N ↵)2 .

1
N

PN

n=1

x(n) = ↵. Show that

(c) A binary signal can only attain values from the set { 1, +1}. Argue that no binary signal can be
perfect.

Points earned:

out of a possible 0 points
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Problem 2 (25 Points):
(a) Let 𝑥[𝑛] = exp(𝑗𝜔! 𝑛) be the input to a BIBO stable LTI system h[n].
Determine the output y[n].
(b) Let the input/output relation of a causal LTI system be given by
𝑦[𝑛] = 0.509𝑦[𝑛 − 1] + 0.245(𝑥[𝑛] + 𝑥[𝑛 − 1])
Is this system BIBO stable? Prove your answer.
"

(c) Let x 𝑥 [𝑛] = 𝑐𝑜𝑠( # 𝑛) for all n. Determine y[n].
(d) Is this a low-pass or a high-pass filter? Explain your answer.
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Problem 3 (25 Points):
1. [Cepstral Deconvolution]
The cepstrum of a signal y is defined as the inverse Fourier transform of the (complex) logarithm of
its spectrum (assuming the logarithm is well-defined and continuous):
Z ⇡
⇥
⇤
1
ỹ[n] =
log Y (ej! ) ej!n d!.
2⇡
⇡
This turns convolutions to superpositions, which can help remove nuisance e↵ects without characterizing them fully, and comes in handy in speech and image processing.
(a) Consider the following discrete-time signal:
x[n] = an cos(✓n)u[n],

a 2 (0, 1), ✓ > 0

Find its z-transform X(z) and express it in rational form with delays z

1

.

(b) Consider the following system:
H(z) =

1 b3 z
1 bz

3M
M

,

b 2 (0, 1), M 2 N+ .

Show that, despite this expression, this is an FIR system. Find the impulse response h[n] and say
briefly why it can be interpreted as a double reverberation with delay M and decay b.
(c) Find x̃ and h̃ as follows.
• Express the logarithm of X and H in terms of the form log(1 + cz ` ).
• Use Taylor series to write the latter expression as follows, and simplify this when ` = 1:
"1
#
1
X
X ck
[n k`] z n
k
n=1
k=1

• Read out the inverse z-transform of each term in the above first step.

(d) Let w be the the reverberated signal—the output of x passing through H. Show that w̃ = x̃ + h̃.
(e) Assume M
✓—the echo is slower than the signal. Briefly say why x̃ and h̃ have roughly the
same frequency content as x and h. Use this to say why it may be a good idea to low-pass filter
w̃ to remove the reverberation. How would you then recover x?
2. (Possible oral follow ups.)
• Can the cepstrum of a real signal be complex? Explain your reasoning.

• Could we have simply low-pass filtered w directly, to remove the reverberation? Why or why not?
• What other ways can you think of to remove the reverberation? Do you need to know M ?
1
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Problem 4 (25 Points):
Consider the differential equation given by
𝑑
𝑦(𝑡) + 𝛼𝑦(𝑡) = 𝑥(𝑡), 𝑡 ∈ ℛ,
𝑑𝑡
where 𝛼 > 0 and 𝑦(0) = 0.
Let 𝑥(𝑡) be a zero-mean unit-variance Gaussian wide-sense stationary process.
Determine the power spectrum 𝑆$ (𝜔) and the correlation function 𝑅$ (𝑡).
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(25 points)

Consider a one-dimensional quantum-dot of width d. Consider the extreme quantum
limit in which the states in the conduction band and the valence band are those of
effectively infinitely deep confining potentials – so-called extreme quantum limit.
Consider the emission of light from such a one-dimensional quantum dot when an
electron in state n = 2 (in the conduction band) makes a transition to state n = 1 (in the
conduction band) by emitting a photon. If a second one-dimensional quantum dot –
made of the same semiconductor - is designed to absorb this photon (emitted by the
first quantum dot) by making a transition between its n = 1 and n = 3 levels (both in the
conduction band), what must be the relationship (based on energy conservation)
between diameter, b, of the second quantum dot and the diameter, d, of the first
quantum dot?
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Problem 2:
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(25 points)

For the MOSFET with source and drain (S/D) entirely replaced by metal silicide (or usually
called “fully-silicided”, FUSI, which can happen to S/D or gate), we can still construct
MOSFET. For the purpose here, the metal silicide can be considered as a metal with a
specific work function EFM.
Gate
tox=7nm
FUSI

y

FUSI
Leff
Si substrate

x

(a) For a silicide with EFM=4.0eV, can it form a nMOSFET, pMOSFET or both? Briefly
explain. (3 pts).
(b) If the substrate is doped with acceptors of Nsub=1017cm-3 and the silicide has EFM=4.3eV,
draw the band diagram in the y direction at the Si/SiO2 interface when the gate bias gives
the flat-band condition and VDS=0. Remember to include the vacuum level E0. Also
assume that the short-channel effect is negligible here. (4 pts).
(c) Same as (b), if the substrate is doped with acceptors of Nsub=1017cm-3 and the silicide has
EFM=4.3eV, draw the band diagram in the y direction at the Si/SiO2 interface when the
gate bias induces the strong inversion and VDS=0? Assume that the short-channel effect
is negligible. (4 pts) Estimate the excess gate bias above the flat band voltage to cause
strong inversion. (3 pts). At the silicide-to-silicon interface, explain what is the
difference from the case of n+ S/D. (3 pts)
(d) In comparison with n+ S/D, do you expect to see more or less Vth roll-off at very short
channel length at low VDS (Hint: from the charge sharing point of view)?(4 pts) Do you
expect to see more or less Vth roll-off at very short channel length at high VDS (Hint: from
the DIBL point of view)? (4 pts) Briefly explain your answers.
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Problem 3:
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(25 points)

What are the challenges of scaling CMOS down to 5nm or even 3nm? What will be after
3nm?
Explain.
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Problem 4:
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(25 points)

We have an abrupt junction silicon solar cell at 300K that is doped with Na=5.0*1018/cc,
and Nd=1014/cc. If it is absorbing 100mW/cm2 of 555nm light, what is the short circuit
current density and the open circuit voltage (V). You can assume Dn = 35

cm 2
,
s

cm 2
, minority carrier lifetimes of 300ns, and that every absorbed photon
D p = 10
s

generates an electron and hole pair that contributes current.

